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Abstract—The advancing capabilities of modern robots have
led them to be deployed in increasingly complex environments,
demanding new control techniques and strategies to ensure
both the safety of the robots and the completion of their
missions. We will address two important problems that arise in
robotic mission planning: stochastic motion planning in complex
environments, and dealing with an adversary in a coordinated
pursuit-evasion game. For motion planning we present a chance-
constrained optimization formulation used to generate trajecto-
ries for a quadrotor helicopter, and for the pursuit-evasion game
we present a guaranteed, decentralized pursuit algorithm for
pursuers in a convex, bounded planar polytope.

I. INTRODUCTION

The growing numbers of robots deployed for challenging
tasks such as search and rescue, reconnaissance, surveillance,
and disaster response pose many difficult problems for control
and planning. System uncertainty can arise from many sources,
including motion uncertainty, sensing noise, environment un-
certainty, and the actions of adversarial agents.

One such problem is planning safe trajectories through
complex environments. To ensure the safety of these planned
trajectories, the system cannot be assumed to be deterministic.
Rather, the inherit uncertainty of the system must be accounted
for explicitly in order to maximize the probability of success
of the resulting plan. In the first part of the work, we will
present a stochastic motion planning algorithm that accounts
for any disturbances (i.e. motion, sensing and environmental
uncertainty) that aerial vehicles may encounter when trying to
navigate a 3D environment.

Another problem is performing tasks in an adversarial
environment. In these cases opponents may be acting counter
to the objectives of the robot being controlled and must be
accounted for accordingly. In the second part of this work,
we will present a multi-player game in which a group of
pursuers is attempting to capture an evader. These methods
can be applied to aerial surveillance, capture, or even air-to-
air combat.

II. STOCHASTIC MOTION PLANNING

The uncertainty in the planning problem arises from three
different sources: (i) motion uncertainty, (ii) sensing noise
and (iii) environment uncertainty. The presence of these un-
certainties means that the exact system state is never truly
known. Consequently, in order to maximize the probability
of success, the planning problem must be performed in the
space of probability distributions of the system, defined as the

belief space. For a stochastic system, however, planning in
the belief space is not enough to guarantee success because
there is always a small probability that a large disturbance will
be experienced. Therefore, a trade-off must be made between
the conservativeness of the plan and the performance of the
system.

The problem of motion planning with motion noise, sensing
noise and environment uncertainty has been studied in the
past. Some previous planners [19], [3] account for the motion
uncertainty of the system but do not account for the partial
observability of the system state or the sensing uncertainty.
Others [25], [14], [12] [23] have included both the motion
and sensing uncertainty when planning paths through the
environment, but they simplify the problem by assuming the
maximum likelihood observation is received for all future
time-steps. This approximation results in an inaccurate rep-
resentation of the probability distribution of the state which
can lead to a violation of the constraints on the system.

Another group of researchers formulated the problem as
an optimal control problem with constraints on the system
state referred to as chance constraints. In [6], they extended
their previous work to handle non-Gaussian belief distributions
by approximating it using a finite number of particles. This
transforms the original stochastic control problem into a
deterministic one that can be efficiently solved. This sampling
approach, however, becomes intractable as the number of sam-
ples needed to fully represent the true belief state increases.
The work by Blackmore et al. [7] uses the work presented
in [26] to approximate the chance constraints using Boole’s
inequality which typically leads to a very small amount of
over-conservativeness. They also used the idea of risk allo-
cation introduced by [26] to distribute the risk of violating
each chance constraint while still guaranteeing the specified
level of safety. By using the risk allocation technique instead
of assuming a constant amount of risk for each constraint,
the performance of the overall system can be significantly
increased.

The work by van Hessem [31] optimized over the feedback
control laws and open-loop inputs while ensuring that the
chance constraints on the overall system are satisfied. They
used an ellipsoidal set bounding approach to convert the
stochastic problem into a deterministic one but this leads to a
conservative solution.

The problem of planning with motion noise can alternatively
be handled by robust control techniques [16], [18]. Rather than



using chance constraints, these methods assume bounds on the
unknown parameters which can be used to formulate worst
case bounds on the system state. However, such an approach
is conservative because it disregards the information that is
often available about the distribution of the state uncertainty.

van den Berg et al. [30] characterized the probability dis-
tributions of a system based upon a linear quadratic regulator
controller with Gaussian models of uncertainty. They proposed
a two step planning process: (1) a set of candidate paths were
generated without taking into account the uncertainty of the
system, (2) they selected the best path based upon a criterion
which incorporated the uncertainty of the state. Since the
uncertainty wasn’t taken into account in generating the paths,
the paths generated were often suboptimal solutions.

This work formulates the motion planning problem as
a chance constrained optimal control problem. This work
extends [7] by accounting for the closed-loop uncertainty
directly and extends [31] by optimizing the risk allocation to
reduce the conservativeness of the solution. The framework
is also extended to handle motion planning through uncertain
environments. The authors’ previous work [33] is also used if
the constraints form a non-convex region to decompose them
into a set of convex constraints which can be searched over to
find the optimal solution. The algorithm is demonstrated to be
very fast and could be applied in real-time or used to re-plan
on-the-fly.

A. Problem Formulation

Consider the following linear stochastic system defined by,

xk+1 = Axk +Buk + wk, ∀k ∈ [0, N − 1], (1)

where xk ∈ Rn is the system state, wk ∈ Rn is the process
noise and N is the time horizon. The initial state, x0, is
assumed to be a Gaussian random variable with mean x̄0 and
covariance Σ0 i.e., x0 ∼ N (x̄0,Σ0). At each time step, a
noisy measurement of the state is taken, defined by

yk = Cxk + vk, ∀k ∈ [1, N ], (2)

where yk ∈ Rp and vk ∈ Rp are the measurement output
and noise of the sensor at time k, respectively. The process
and measurement noise have zero mean Gaussian distributions,
wk ∼ N (0,Σw) and vk ∼ N (0,Σv). The process
noise, measurement noise and initial state are assumed to be
mutually independent. For notational convenience, the state
and control inputs for all time-steps are concatenated to form,
X =

[
xT
1 . . . xT

N

]T
and U =

[
uT
0 . . . uT

N−1
]T

.
The control inputs are required to be in a convex region
denoted by FU and the system state is restricted to be in a
feasible region denoted by FX .

For simplicity, the feasible region FX is assumed to be
convex. Nonconvex regions can still be handled, however,
either by (i) performing branch and bound on the set of
conjunction and disjunction linear state constraints directly, or
by (ii) decomposing the space into convex regions and using
branch and bound to determine when to enter/exit each convex

subregion. Given this assumption, the feasible region can be
defined by a conjunction of NFX linear inequality constraints,

FX ,

NFX⋂
i=1

{
X : aT

iX ≤ bi
}

(3)

where ai ∈ RnN and bi ∈ R are either deterministic or
uncertain with known probability distributions.

The general belief space planning problem is posed as the
optimization program, shown as Program P2.1. The objective
function, f(·), is assumed to be a convex function.

Motion Planning Problem

minimize E (f(X,U))
subject to

xk+1 = Axk +Buk + wk, ∀k ∈ [0, N−1]
yk = Cxk + vk, ∀k ∈ [1, N ]
wk ∼ N (0,Σw), ∀k ∈ [0, N−1]
vk ∼ N (0,Σv), ∀k ∈ [1, N ]
U ∈ FU
P(X /∈ FX) ≤ δ

(P2.1)

The difficulty in solving the optimization program P2.1 is
in evaluating the chance constraints: P(X /∈ FX) ≤ δ. The
complexity arises from the need to characterize the proba-
bility distribution of the system state at each time-step and
from evaluating the multivariate integrals over the uncertain
environment to calculate the desired probability of failure.

1) Estimator/Controller: The problem formulation in Pro-
gram P2.1 is independent of the type of estimator and con-
troller that is used in the actual system. In this work, a Kalman
filter is used as the estimator and the system is controlled via
a linear quadratic trajectory controller. Given the choices of
estimator and controller, the distribution of the closed-loop
system is given by a Gaussian distribution,

X ∼ N
(
X̄,ΣX

)
(4)

and the mean and covariance can be computed a-priori before
any measurements are received.

B. Chance Constraints
Using the probability distribution of the closed-loop system

state formulated in the previous section, the chance constraints
in Program P2.1 can be evaluated efficiently once the multi-
variate integrals are simplified.

By using Boole’s inequality, the original chance constraint
P(X /∈ FX) can be conservatively approximated. Boole’s in-
equality states that for a countable set of events E1, E2, . . ., the
probability that at least one event happens is no larger than the
sum of the individual probabilities P (

⋃
iEi) ≤

∑
i P (Ei).

Consequently, from Eqn. (3) and Boole’s inequality the proba-
bility of the state not being contained inside the feasible region
is bounded by,

P(X /∈ FX) = P

(
X ∈

NFX⋃
i=1

{
X : aT

iX > bi
})

≤
∑NFX
i=1 P(aT

iX > bi).

(5)



Using the distribution of the system state from the pre-
vious section the constraints can now be evaluated. Since
the multivariate constraints have been converted to univariate
constraints in Eqn. (5), they can be efficiently evaluated
through,

P(aT
iX− bi > 0) =

1√
2π

∫ ∞
b̄i−āT

i
X̄

σi

exp(−z
2

2
)dz

= 1− normcdf(
b̄i − āT

i X̄
σi

)

(6)

where normcdf(x) =
1√
2π

∫ x
−∞ exp(−z

2

2
)dz is the Gaussian

cumulative distribution function and σi is the uncertainty of
the constraint. If the environment is uncertain, σi can be
calculated analytically but depends upon the mean of the
system state. Although, the normcdf function does not have
an analytic solution, it can be efficiently evaluated using a
series approximation or a lookup table. The gradient and the
Hessian of the probability constraints can also be computed
analytically to aid in the solution of the optimization problem.

C. Final Optimization Program

Now that the distribution of the closed-loop system state and
the efficient evaluation of a single chance constraint have been
developed, the satisfaction of the overall probability constraint,
P(X /∈ FX) ≤ δ, needs to be addressed. Previously, two
methods have been proposed for this: fixed risk [21] and risk
allocation [26, 7].

The fixed risk method assigns a pre-defined allowed
probability of violation for each univariate constraint,
P(aT

iX > bi), such as δ/NFX . This pre-defined probability is
chosen to ensure that the total probability of violation is below
the threshold δ. Since the allowed risk for each constraint is
known beforehand, the chance constraints can be simplified
by modifying the system’s feasible region at each time-step.

The risk allocation method includes the allowed probability
of violation for each univariate constraint, P(aT

iX > bi), as
an optimization variable, εi. In order to ensure that the total
probability of violation is below the threshold, the optimization
variables are restricted by

∑
εi ≤ δ. For this work, this

risk allocation method was ultimately chosen as it provided
increased system performance with only slight increases in
computational complexity.

Using this risk allocation technique [26] along with the
distribution of the closed-loop state and the evaluation of the
chance constraints in Section II-B, the Program P2.1 can now
be transformed into the optimization Program P2.2.

minimize f(X̄, Ū)
subject to

X̄ = T xxx̄0 + T xuŪ
Ū ∈ FU
zi = bi − aT

i X̄, ∀i
σi = f

(
ai,ΣX, X̄

)
, ∀i

1− normcdf( zi√
σi

) ≤ εi, ∀i∑NFX
i=1 εi ≤ δ

(P2.2)

If the system is operating in a deterministic environment,
then this program is convex and can be solved efficiently with
fast interior point methods. If the environment is uncertain,
then the program is nonconvex and only a locally optimal
solution can be guaranteed. Several examples are presented in
the following section to demonstrate the powerfulness of the
framework.

D. Results

The system has double integrator dynamics with a 2D
position,

A=


1 0 ∆t 0
0 1 0 ∆t
0 0 1 0
0 0 0 1

 , B=


0.5∆t2 0
0 0.5∆t2

∆t 0
0 ∆t

 ,
C=

[
1 0 0 0
0 1 0 0

]
where ∆t = 0.1 seconds. The objective function for this
problem is quadratic in the final state and the control inputs
f(X̄, Ū) = (x̄N − xref )

T
Qobj (x̄N − xref ) + ŪTRobjŪ, with

Qobj = 50I and Robj = 0.001I
1) Known Environments: This example has a time-horizon

of N = 20, with noise parameters defined by,

Σw = diag(0.0003, 0.0005, 0.0003, 0.0005)
Σv = diag(0.001, 0.002),

(7)

and the reference state is xref =
[

2 1 0 0
]T

.
The feasible region is shown in Figure 1 and can be

decomposed into two different tunnels corresponding to going
to the top or bottom of the first obstacle.

A B
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F

H J

K

G

(a) (b)
Fig. 1. The decomposition of the non-convex space into tunnels correspond-
ing to the bottom path and top path in (a) and (b), respectively.

For this example, the optimal path is always through the top
region even though the bottom region is shorter. The bottom
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Fig. 2. A three vehicle collision avoidance scenario with an allowed constraint violation of δ = 0.1. In each plot, the vehicles are attempting to reach their
goal location marked by the ‘x’.

region is infeasible with respect to the chance constraints
if the allowed constraint violation is δ < 0.19 which is
caused by the large uncertainty of the vertical position of the
state. Figure 3(a) displays the optimal solution for δ = 0.1
which travels through the top region and the optimal switching
times are k1 = 9 and k2 = 16. The computed constraint
violation from Monte Carlo simulations was 0.095, and the
conservativeness is due to Boole’s inequality. Notice how the
optimal solution curves toward the infeasible region in the
beginning instead of following the center of the corridor.
This initial deviation improves the overall objective and is
allowed because the rest of the path has a small probability
of violating the constraints. Figure 3(b) shows a suboptimal
solution through the bottom region for an allowed constraint
violation of 0.19. The system follows the center of the corridor
in the beginning and waits to reach the goal location at the end
to reduce the probability of violating any constraints before the
end of the planning horizon.
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(a) (b)
Fig. 3. The results for planning through the non-convex region. The blue
line with dash-dot ellipses, orange line with dash ellipses, and green line
with solid ellipses indicate which three sets of constraints are active. (a) The
optimal path for a constraint violation of δ = 0.1 (b) Planning only through
the bottom path with an allowed constraint violation of δ = 0.19.

2) Collision Avoidance: For the next set of results, a
dynamic non-convex example is chosen in which the vehicles
have to avoid each other while attempting to reach their
goal location. All vehicles have the same double integrator
dynamics describe by Eqn. (II-D) with ∆t = 0.1 seconds,
a time-horizon of N = 20 and noise parameters given in
Eqn. (7). In each scenario, the vehicles where required to
keep a minimum separation distance of 0.25 meters, which by

definition is a non-convex feasible region. Consequently, the
same approach will be employed as in the previous section to
simplify the problem into convex subproblems.

The objective function for the collision avoidance scenario
is,

f(X̄, Ū) =

NV∑
i=1

(
x̄iN − xiref

)T
Qobj

(
x̄iN − xiref

)
+ ŪTRobjŪ

with Qobj =

[
I 0
0 0

]
, Robj = 0.001I , x̄ik is the state mean

of vehicle i at the k-th time-step, xiref is the reference state
of vehicle i, and NV is the number of vehicles.

The starting and goal locations for each of the
vehicles are x10 =

[
−0.87 0.5 0 0

]T
, x20 =[

0.87 0.5 0 0
]T

x30 =
[

2 0 0 0
]T

, x1ref =[
0.5 1.87 0 0

]T
, x2ref =

[
−0.5 1.87 0 0

]
and

x3ref =
[

0 0 0 0
]T

.
Figure 2 shows a series of images of the vehicle locations

for the expected trajectories for a problem with an allowed
constraint violation of δ = 0.1.

3) Uncertain Environments: This example demonstrates
planning through uncertain enivronments. The noise parame-
ters of the system are Σw = diag(0.001, 0.001, 0.001, 0.001),
Σv = diag(0.002, 0.002) and the reference state is xref =[

2 1 0 0
]T

. The allowed constraint violation is δ =
0.005 and the solution is shown in Figure 4. The solution
which accounts for the uncertainty of the environment is
shown as the blue, solid line and has a planning horizon
of N = 55 with simulated constraint violation of 0.0038.
The green, dotted line plans through the mean environment
with a horizon of N = 35 and has a simulated constraint
violation of 0.0084. When accounting for the uncertainty of
the environment, the system cannot take the direct path as
the mean environment solution can because the walls in that
corridor have too much uncertainty resulting in the violation
of the probability constraint.

III. COORDINATED PURSUIT-EVASION

Coordinated pursuit-evasion games comprise a set of diffi-
cult problems for control and planning. Coordinated pursuit
of an evader requires planning for the actions of a number
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Fig. 4. The white area is the feasible region of the system state and the
orange ellipses are the uncertainty of the environment. The blue, solid line
is the solution when accounting for the uncertainty of the environment and
the green, dotted line plans through the mean environment. The blue ellipses
around the path indicate the uncertainty of the system. The start and goal
location are marked by an ‘o’ and ‘x’, respectively.

of pursuers while accounting for the worst-case actions of the
evader. Such problems have relevance for many robotics and
other applications.

Early work in this area focused on a single pursuer and
evader in a continuous, unbounded state space. The problem is
cast as a differential game, and optimal strategies are found for
both players as saddle-points to a minimax optimization over
the distance between them [15]. A large body of work based on
this approach has since appeared, with particular solutions to
specific problems [24, 5] and computational methods to more
general formulations through numerical solutions of related
Hamilton-Jacobi equations [10, 4, 20].

Another significant body of work is on pursuit-evasion in
bounded domains, especially for games played on graphs
where the pursuers progressively reduce the states available to
the evader [2, 1]. A closely related problem is search in finite
domains, also known as visibility-based pursuit-evasion, where
pursuers attempt to bring an evader or multiple evaders into
their field of view. One well-known approach is to decompose
the continuous search space into a discrete graph, for which
a plan is found that successively clears cells while preventing
evaders from re-entering previously searched cells [13, 11, 29].

In all cases, managing multiple cooperating pursuers is a
major challenge. Analytic solutions using differential games
exist for some particular problems with small numbers of
pursuers [22, 17], but more general computational solutions
are limited by the curse of dimensionality. Some alleviate
this problem by limiting the planning horizon, for example
by greedy optimization over one time-step of a cost function
such as a distance metric [28] or entropy of a distribution [32],
or via limited-depth tree search [11]. Others assume a known
model for the evader’s inputs and solve for pursuer trajectories
in a receding-horizon framework [9, 27]. While these simpli-
fications allow coordinated plans to be generated, they may
lose guarantees of capture or completeness.

In the following section we present and describe a decen-
tralized pursuit strategy for multiple pursuers attempting to
capture a single evader in a planar, convex polytope. Both
evaders and pursuers are limited to an identical maximum

Line of Control 

(a) (b)

Fig. 5. Illustrations showing the evader’s Voronoi cell Ve (a) for a single
pursuer and evader and (b) with an additional pursuer.

speed, and no assumptions are made about the evader’s strat-
egy. The strategy is based on collectively minimizing the area
of the evader’s Voronoi cell in a Voronoi partition of the game
area based on player positions, and is guaranteed to result in
capture.

There has been much work on using Voronoi regions in
distributed and decentralized control of multiple agents in
surveillance and coverage tasks, where cooperative actions
result from the influence of shared Voronoi boundaries [8].
We will show how a Voronoi decomposition can be used in a
pursuit-evasion scenario.

A. Problem Formulation

We address the problem of a group of N pursuers attempting
to capture a single evader in the interior of a bounded polytope
D in R2. The pursuers and evader are modeled as points
moving in the plane with identical, fixed maximum speeds,
and are constrained to remain in the interior of the D. We
say that a pursuer captures an evader by moving within some
distance rc of the evader.

For this paper, we will assume that the maximum velocity
vmax = 1, since it is possible to transform any problem
with any maximum velocity into one of vmax = 1 through
appropriate re-scaling of the dynamics, the polytope D, and
the capture radius rc. The overall problem we attempt to solve
then is to find a pursuit strategy that guarantees capture of the
evader within some finite time.

B. Pursuit Strategy

We propose a pursuit strategy that is based on minimizing
the evader’s Voronoi cell in a Voronoi partition generated by
the locations of the players. Obviously, the capture condition
will eventually be satisfied as the area of the evader’s Voronoi
cell decreases to zero.

Let A be the area of the evader’s Voronoi cell. Clearly,
the value of A depends only on the positions of each of the
players. The strategy we propose is for the pursuers to jointly
minimize the time derivative dA

dt , where

dA

dt
=
∂A

∂e
ė +

N∑
i=1

∂A

∂pi
ṗi (8)
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Fig. 6. Variational change in area of the pursuer’s Voronoi region with respect to (a) a perturbation toward the evader), (b) perturbation parallel
to the line of control, and (c) when another pursuer is present and ξi no longer intersects Bi, as in Figure 5b.

Note that the derivative decomposes in the positions of each
pursuer i, thus each individual pursuer need only minimize
∂A
∂pi

ṗi for itself, with the pursuit input

u∗i =
− ∂A
∂pi

|| ∂A∂pi ||
,

We compute u∗i for each pursuer by examining the deriva-
tive of A with respect to pi in a local coordinate frame.
Let ξi(e,p) = e − pi is the vector from pursuer i to the
evader, with ηih = ξi

‖ξ‖ the unit vector along this direction
and ηiv ∈ R2 an orthogonal vector. This defines a set of local
coordinate axes, as shown in Figure 5a, that we can use to
construct ∂A

∂pi
ṗi by making a variational displacements along

those axes. For any x ∈ R2 and (e,p1, ...,pN ) such that
x + pi ∈ D, define

A+
i (x)|(e,p1,...,pN ) = A(e,p1, ...,pi + x, ...pN ).

Let Di
hA and Di

vA be the directional derivatives of A along
ηih and ηiv , thenDi

hA|(e,p1,...,pN ) = limε→0
A+
i (ε·ηih)|(e,p1,...,pN )−A

ε

Di
vA|(e,p1,...,pN ) = limε→0

A+
i (ε·ηiv)|(e,p1,...,pN )−A

ε ,
(9)

where we denote A(e,p1, ...,pN ) by A for brevity. Thus

∂A

∂pi
= Di

hA · ηih +Di
vA · ηiv (10)

It can be shown that for any i ∈ Ne,

Di
hA = −Li

2

Di
vA =

l2i − (Li − li)2

2||ξi||

where Li is the length of the line of control Bi and li is
the length of the segment of Bi below the intersection of the
displacement segment ξi with Bi, as shown in Figure 6.

These calculations are then used in the pursuit strategy. It
can be shown that the strategy guarantees capture in finite
time for bounded, convex polytopes, and that the inputs of the
pursuers are such that the pursuers always remain within D.
The proof of these assertions is omitted for brevity.

C. Simulation Results

To demonstrate the algorithm, we show some simulation
results for games involving a number of pursuers. For these
simulations, the evader is controlled via human input, and
pursuers that do not border the evader’s Voronoi cell are
commanded to head directly toward the evader.

Figure 7 shows two simulated cases with 3 pursuers, and
highlights the cooperation in the area-minimization strategy
. The scenario in Figure 7a has the pursuers begin closely
grouped, but as they move the pursuers gradually separate to
surround the evader. Figure 7b shows a case where two of
the pursuers start with no shared Voronoi boundary with the
evader, and thus initially move in line. As the evader begins
to turn the masked pursuers approach close enough to gain
active Voronoi boundaries with the evader, causing them to
properly separate and capture the evader. In each case the
cooperative behavior of the pursuers effectively contains the
evader, limiting its movements until capture is achieved.

The simulations are conducted in Matlab on a Macbook
Pro laptop, with computation per time-step of less than 1ms
to calculate inputs for all the pursuers. One issue that requires
some care is that errors are introduced by discretization of
the control scheme. If the distances between the evader and
pursuers are comparable to the distance traveled by a player
in a single time step, there can be momentary increases in the
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Fig. 7. Two scenarios with three pursuers (triangles, dotted lines) highlighting the cooperation enforced by the area-minimizing pursuit strategy
when a) the pursuers begin tightly spaced and b) when some of the pursuers are initially masked by the others.

evader area as a pursuer fails to turn quickly enough. Reducing
the time step alleviates the problem without eliminating it
entirely, and increasing the capture radius also decreases the
chance of this problem occurring. It is possible that some
relationship can be found between step size, velocity, and the
capture radius to formally guarantee this in a discrete-time
situation.

IV. CONCLUSION

We have described how stochastic motion planning can be
posed as a chance-constrained optimization program, and we
have presented a guaranteed, decentralized pursuit strategy for
a group of pursuers in the plane. This work is a small step
toward the goal of developing robots that are able to operate in
the complex and unpredictable environments where the unique
abilities of automated agents will make a significant impact.
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