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Abstract—This presentation considers the problem of coordi-
nated persistent area surveillance without a priori knowledge of
the position or number of targets in the world. Only a maximum
speed bound for the targets is assumed known a priori. Possible
target motion is formulated as a front propagation problem
resulting in guaranteed, deterministic bounds on the targets.
Sensor coordination is analyzed, and strategies are derived that
guarantee targets cannot enter certain regions from without or
escape from within. Finally, a wavefront tracking control using
mothership vehicles to coordinate the sensors is presented with
simulation results.

I. INTRODUCTION

Coordinated persistent area surveillance is the problem in
which a team of vehicles continually traverses a region of
interest in order to detect and classify adversarial targets. We
distinguish this task from the commonly used term search
to denote that the process is continual, i.e. regions must be
sensed more than once, and no information is given ahead
of time regarding the position or number of targets in the
world. The requirement to patrol the area continually and
track the possible positions of detected targets leads to a
binary perspective whereby the area is divided into two distinct
regions that are tracked - one that targets cannot possibly be
in, and one where the team cannot make any assertions about
the presence of a target.

Probabilistic approaches to persistent area surveillance have
been popular but offer several limitations. The search problem
is usually framed as a probabilistic problem with initial condi-
tions determined by a priori distributions [1, 2]. The problem
with these methods is the fact that the initial distribution
may not be known and the entire probabilistic space must
be updated at each step. Particle filter representations can
reduce computational storage requirements, but still require
resampling of the entire particle set and require an initial
distribution [8]. In contrast, occupancy grids do not require
initial guesses for the number or locations of targets [5].
However, a complete decomposition of the environment is
still needed. The probabilistic approaches all rely on random
models of target motion which may be unrealistic, especially
if the adversary attempts to evade detection.

This work applies a deterministic approach to modeling
target behavior by assuming only that targets can move with
a maximum speed. Tracking possible target motion is no

longer a stochastic problem, but instead becomes a front
propagation problem [13]. The advantage of this approach is
that deterministic bounds on target position are given. Under
certain conditions, strategies can be derived that guarantee that
targets cannot enter certain regions from outside or escape
from within (restricted channel and perfect circle cases shown
in McGee and Hedrick [10]). Since all possible target motion
is bounded, even an adversary with perfect knowledge cannot
evade detection.

II. DESCRIPTION

We start by introducing possibility theory and possibility
maps as a framework for describing possible target motion.

A. Possibility Theory

Dubois [4] describes possibility theory as an uncertainty
theory devoted to the handling of incomplete information,
which complements probability theory. Unlike probability
theory, possibility theory uses a pair of dual set-functions
instead of only one. This feature makes it easier to capture
partial ignorance. Possibility theory is not additive and makes
sense on ordinal structures. For this work, we will only be
using ordinal structures, which means possibility measures can
only evaluate to true or false, 0 or 1.

Possibility measures satisfy the basic maxitivity property
and is compositional with respect to the union operator [4]:

Π(A ∪B) = max(Π(A),Π(B)) (1)

and for the intersection operator:

Π(A ∩B) = min(Π(A|B),Π(B)) (2)

1) Possibility Relationships: Let Ω ⊆ R2 and x ∈ Ω, and
let the universe of discourse for each point xi have states:
• Ei(t) = {ei(t),¬ei(t)} is the existence of one or more

targets at point xi at time t.
• Di(t) = {di(t),¬di(t)} is one or more targets detected

at xi at time t.
π(Di(t)) and π(Ei(t)) are mappings from each state to the
unit interval [0, 1] and represent the knowledge of an agent on
the degree of possibility of each state. We define a possibility
map as possibility of the states in the domain Ω at a time t



and is meant to parallel probability occupancy maps described
in [5].

The events associated with the states are:

• Mij(t1, t2) = {mij(t1, t2),¬mij(t1, t2)} is one or more
targets moved to xi from xj during the interval [t1, t2].

• Mi(t1, t2) = {mi(t1, t2),¬mi(t1, t2)} is one or more
targets moved to xi during the interval [t1, t2].

where t1 < t2 (i.e. no degenerate intervals). The logical
relationship between states and events is:

ei(t) = ei(t1) ∪mi(t1, t) (3)
¬ei(t) = ¬ei(t1) ∩ ¬mi(t1, t) (4)

mi(t1, t2) =
⋃

xj∈Ω

mij(t1, t2) (5)

¬mi(t1, t2) =
⋂

xj∈Ω

¬mij(t1, t2) (6)

Now we can ask the questions, What is the possibility of
one or more targets existing at xi at time t?, and What is
the possibility of no target existing at xi at time t?, which
are expressed mathematically as Π(ei(t)) and Π(¬ei(t)),
respectively.

Π(ei(t)) = Π (ei(t1) ∪mi(t1, t))

= max (Π(ei(t1)),Π(mi(t1, t)))

Π(¬ei(t)) = Π (¬ei(t1) ∩ ¬mi(t1, t))

= min (Π(¬ei(t1)),Π(¬mi(t1, t)))

(7)

where Π(ei(t1)) = π(ei(t1)) and Π(¬ei(t1)) = π(¬ei(t1))
are assumed to be known. Π(mi(t1, t)) is the possibility of
one or more targets moving to xi during the interval [t1, t].

Π(mi(t1, t)) = Π

 ⋃
xj∈Ω

mij(t1, t)


= max

xj∈Ω
(Π(mij(t1, t)))

(8)

Note that Π(¬mi(t1, t)) = 1 since it is always possibility that
no target moved to xi. Π(mij(t1, t)) is determined by the
motion model Π(mij(t1, t)|ej(t1)) as follows:

Π(mij(t1, t)) = min (Π(mij(t1, t)|ej(t1)),Π(ej(t1))) (9)

2) Possibility Motion Models: Our examination of possi-
bilistic motion models begins with a simple shortest path
model:

π(mij(t1, t)|ej(t1)) =

{
1 if ||xi − xj || ≤ V (t− t1)
0 otherwise

(10)
This motion model represents the possibility of moving from
xi to xj if the minimum distance is less than the max distance
the target could travel from time t1 to t.

3) Possibility Sensor Models: Many different sensor mod-
els are possible, but we restrict our discussion to a binary
detection sensor with a fixed footprint area. This gives use the
following possibilistic sensor model:

π(di|ei) = 1, π(di|¬ei) = 1

π(¬di|ei) = 0, π(¬di|¬ei) = 1

This model can then be used to update the possibility map
when a target is detected:

π(e+
i ) = min (π(di|ei), π(ei)) = π(ei)

π(¬e+
i ) = min (π(di|¬ei), π(¬ei)) = π(¬ei)

(11)

And when no target is detected:

π(e+
i ) = min (π(¬di|ei), π(ei)) = 0

π(¬e+
i ) = min (π(¬di|¬ei), π(¬ei)) = π(¬ei)

(12)

Note that in the case of no detection in (12), information is
gained since π(e+

i ) = 0 (i.e. the sensor tells us it is impossible
for a target to be at xi). Somewhat surprisingly, no information
is gained when a target is detected in (11) since both π(e+

i ) =
1 and π(¬e+

i ) = 1. This is due to the sensor model because
the sensor can only give a binary result for the entire footprint
area and cannot pinpoint the location of targets within the
footprint.

B. Area Decomposition

Let the possibility map be on the domain Ω ⊆ R2. Note
that the since π(¬ei) = 1,∀xi ∈ Ω due to the sensor model,
Ω can be partitioned into known and unknown subsets, K and
U :

xi ∈ K, if π(ei) = 0

xi ∈ U, if π(ei) = 1
(13)

Let S ⊆ Ω be the sensed area (i.e. the sensor footprints), which
is partitioned into detected and not detected subsets, Sd and
S¬d. Let the boundary between K and U be B ⊆ K. Let B
be partitioned into subsets BS , BK ⊆ B, where BS ⊆ S and
BK = B \BS .

Define the area of Ω as AΩ, and similarly the areas of K
and U as AK and AU , respectively. Note that AΩ = AK+AU
and AΩ is constant, so ȦΩ = ȦK +ȦU = 0 and ȦK = −ȦU .
The sensor can convert unknown region to known but cannot
convert known region to unknown; therefore, AK can only be
increased along BS or where S intersects U .

In general, the areas change only along B such that ȦK =
−ȦU = f(B) = f(BS , BK), but events can occur which
cause a jump change of ȦK in time due to a non-zero area of
intersection between U and S (e.g. switching a sensor from off
to on or a sensor switching from detecting to not detecting).
In the case of switching on a sensor and getting a detection,
one or more targets must be located within the intersection of
U and S, and steps can be taken to track these targets. Those
actions and their consequences are deferred to future work.

The remainder of this work focuses on exploiting the
information gain when no targets are detected and assumes



no events result in a non-zero area of intersection between U
and S. Under these assumptions K contains S (i.e. S ⊆ K),
and BS is restricted to the border between S and U . Fig. 1
gives a depiction of these sets.

Fig. 1. Notional depiction of Ω, U,K, S,BS , and BU .

U represents the region of unknown target location with BK
the border between K \S and U . The targets are dynamic and
can move from the unknown into the known region but not into
the sensed region without being detected (i.e. the curve BK
cannot move into U but can move into K, BK never borders S
so cannot move into S). Therefore, AU can only be increased
along BK , ȦU,BK

= fw(BK) ≥ 0, and similarly AK can only
be decreased, ȦK,BK

= −ȦU,BK
= −fw(BK) ≤ 0. Since B

is partitioned into BS , BK , ȦK = ȦK,BS
+ ȦK,BK

ȦK = −ȦU = f(B) = f(BS , BK)

= ȦK,BS
+ ȦK,BK

= fs(BS)− fw(BK)
(14)

C. Wavefront Dynamics
Consider a wavefront as a simple curve Γ moving in a

direction normal to itself, n, with speed F (x,n) [13], and
let Γt be the wavefront at time t. Let φ(x) = t be defined
as the first arrival time of the wavefront at x; therefore,
x ∈ Γt,∀φ(x) = t. If F > 0, then this yields the static
Hamilton-Jacobi PDE [3]:

H(∇φ,x) = ‖∇φ(x)‖F (x,n) = 1

n =
∇φ(x)

‖∇φ(x)‖
(15)

In general these nonlinear PDE’s cannot be solved analyt-
ically [9], but numerical techniques for the viscosity solution
are known for various characteristics of the Hamiltonian H . If
H is convex, it can be solved as a dual min-time optimal con-
trol problem [13, 14]. If F (x,n) = F (x), then H is isotropic
and reduces to the Eikonal equation: ‖∇φ(x)‖F (x) = 1,
which can be solved by fast marching methods (FMM) or
other Eikonal techniques [12, 15]. If F (x,n) = F (n), then
H is homogeneous and can be solved using [9]. If H is non-
convex (the general case), it can be solved by iterative methods
[6, 7].

The entire time field can be calculated allowing a planning
algorithm to use the future location of the wavefront. For the
remainder of the discussion we restrict the speed to a constant
F (x) = F = V , the maximum speed of the targets. This
simplification allows us to more easily see the evolution of
the wave.

D. Sensor Dynamics

This section only considers the informative case when no
targets are detected and assumes no events result in a non-zero
area of intersection between U and S. Let each sensor have
a footprint represented by Si ⊆ S, such that S = S1 ∪ S2 ∪
· · · ∪ Sn. The sensor footprint Si moves with the following
dynamics:

Si(t) = F (xS(t),ΘS)

subject to ẋS(t) = fS(xS(t),uS(t))
(16)

where x(t) ∈ Si, F (·) is a function describing the sensor foot-
print, xS(t) is the state of sensor i, ΘS are the characteristics
of sensor i, fS(·) is the dynamics of sensor i, and uS(t) is the
control for sensor i. Note that for clarity we assume that we
can control the sensor directly such that the vehicle dynamics
and control are included in fS(·) and uS(t). The dynamics
for xBS

(t) ∈ BSi are:

ẋBS
(t) = fBS

(xBS
(t), ẋS(t),ΘS)

subject to ẋS(t) = fS(xS(t),uS(t))
(17)

The the area of region K only increases under the condition
that ẋBS

(t) points into U ; otherwise no area change occurs.
Therefore, ȦK,BSi

≥ 0 holds for each sensor. A vector normal
to the curve BSi

always points into U (or always into K in
the opposite direction); therefore, define n(xBS

(t)) to be a
vector normal to the curve BSi at xBS

(t) pointing into U .
We see that if ẋBS

(t) · n(xBS
(t)) > 0, then ẋBS

(t) points
into U and the condition is met. Let BUi

⊆ BSi
such that

ẋU (t) · n(xU (t)) > 0,∀xU (t) ∈ BUi
.

If we consider BUi
as one or more continuous curves, then

the area swept by the curves is a projection of the velocity of
the curve at each point onto the normal of the curve at that
point (i.e. ẋU (t) ·n(xU (t))). The area time rate of change due
to sensor i is:

ȦK,BSi
(t) =

∫
BUi

ẋU (t) · n(xU (t)) ds ≥ 0 (18)

If we assume that BSi
is distinct for each sensor (i.e. BSi

∩
BSj

= ∅,∀i 6= j) or less restrictively BUi
is distinct for each

sensor, then ȦK,BS
for all n sensors can be calculated as:

ȦK,BS
(t) =

n∑
i=1

∫
BUi

ẋU (t) · n(xU (t)) ds ≥ 0 (19)

1) Simple Line Sensor: We restrict our discussion to
a simplified line sensor. The inertial coordinate frame is
I
[x] =

I
[x1, x2]T and the sensor coordinate frame is S

[x] =
S

[x1, x2]T . We assume unicycle motion dynamics, the sensor
is fixed to the vehicle, F (xS(t),ΘS) always forms a line of



length ws perpendicular to the direction of motion, and xS
is centered on the line. The sensor line can be described in
sensor coordinates as S

[xl(t)] =
S

[0, l]T ,∀l ≤ |ws

2 |. Using
the transport theorem [11], we can calculate the derivatives in
the inertial frame:

I
[ẋBS

(t)] =

I[
V cosψ(t)− lψ̇(t) cosψ(t)

V sinψ(t)− lψ̇(t) sinψ(t)

]
(20)

where V is the vehicle speed (assumed constant) and ψ(t) is
the heading.

We must consider the unusual case when U exists on both
sides of the line resulting in n(xBS

(t)) no longer being
unique. In this case two n(xBS

(t)) are possible pointing in
opposite directions perpendicular to the line; both normals are
valid, therefore, we simply test ẋBS

(t) · n(xBS
(t)) > 0 for

both and if either is valid then ẋBS
(t) meets the condition (or

we could simply test ẋBS
(t) · n(xBS

(t)) 6= 0 for either n).
Combining (18) and (20) yields (omitting time dependence

of ψ for clarity):

ȦK,BSi
(t) =

∫
BUi

‖ẋU (t)‖ dBUi

=

∫
BUi

V − lψ̇ dl = V l − 1

2
l2ψ̇

∣∣∣∣
BUi

(21)

If the entire line sensor is sweeping into the U area (i.e.
BULS

= BSLS
):

ȦK,LS = V l − 1

2
l2ψ̇

∣∣∣∣
ws
2

−ws
2

= V ws (22)

The entire line sensor sweeps a rectangular area as expected.

Fig. 2. Constant area K from multiple line sensors coordinating by following
the sensor ahead of it in a ring.

2) Sensor Coordination: We now consider a a ring of
sensors each following the one ahead of it as shown in Fig. 2.
We assume the area inside the ring is region K and each sensor
is spaced equally around the ring such that the wavefront

can never propagate from outside ring to inside the ring.
This approach is guaranteed to bound targets either within the
region, if targets initially started there, or outside the region, if
no targets started within the region. The radius at the middle
of the ring is r = Vsnws

2π , which is constant under these
conditions. Then the area of the circle within the ring is:

Ainner
K = π

(
r − ws

2

)2

=
w2
s

4

[(
Vs
Vw

)2
n2

π
−
(
Vs
Vw

)
2n+ π

] (23)

The area within the ring is fixed in space and does not move
around the domain, which can be advantageous if a particular
area within the domain is to be patrolled.

We suggest that the total area of K can be approximated as
the area of the circle whose radius is the middle of the ring:

Aapprox
K =

(
Vs
Vw

)2
n2w2

s

4π
(24)

If instead of the sensors following each other, the sensors are
aligned and moving around a ring, the same radius for the
middle of the ring is found resulting in the same approximate
area. However, the constant area radius within the ring will be
reduced to r − nws

2 , and maintaining the ring is difficult due
to turn rate limitations on most vehicles.

III. OPTIMAL CONTROL

We consider tracking the wavefront as the optimal control
problem:

J =

∫ tk+Mt

tk

c(x(t),u(t), t) d t

subject to ẋ(t) = f(x(t),u(t), t)

(25)

where c(·) is the cost function and f(·) is the vehicle dynam-
ics. Assuming unicycle dynamics for the vehicle:

ẋ(t) =


ẋ(t) = V cosψ(t)
ẏ(t) = V sinψ(t)

ψ̇(t) = u(t), |u| ≤ umax

(26)

where V is the vehicle speed, ψ is the heading on an East-
North-Up (ENU) global coordinate system (east is zero and
increases to π

2 at north), and x and y are east and north,
respectively. The control can be discretized to simplify the
solution:

J =

n∑
k=0

c(xk,uk)

subject to ẋk+1 = f(xk,uk)

(27)

where n ∈ N is a finite horizon.
The cost function c(·) must be formulated to track the

wavefront. The level set function φ(x) in (15) gives the
minimum arrival time for targets to reach x. A sensor can track
the wavefront by following a trajectory x(t) which matches



the level set at the current time tcurrent, φ(x(t)) = tcurrent. For
this work we choose the cost function:

c(x(t),u(t), t) = (φ(x(tcurrent))− tcurrent)
2 (28)

Considering the coordinated ring in Fig. 2, a decentralized
planning algorithm can be implemented by using the finite
horizon controller independently on each vehicle. The coor-
dination variable between the vehicles is the wavefront being
tracked. Each vehicle would need to update the time field for
new sensor information before reaching the location where the
sensor updates are occurring, which can be estimated by the
position of the vehicle being followed.

IV. CONCLUSIONS

This work focused on a deterministic solution to the coordi-
nated persistent area surveillance problem. Possibility theory
was introduced as a framework to construct the map infor-
mation, fuse the sensor information, and bound all adversary
motion. The time evolution of the possibility map led to a
set theoretic description and wavefront propagation techniques.
Sensor motion dynamics were explored leading to wavefront
tracking and an optimal control. Coordinating multiple sensors
was discussed, and a decentralized approach to planning using
the possibility map was introduced.

Current work is focused on evaluating new possibilistic
motion and sensor models, considering detected target strate-
gies, and comparing the channel and perfect circle guaranteed
bounds in [10] with the optimal control described here. Incor-
porating uncertain sensor measurements is a long term goal.
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